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a b s t r a c t
Mesh optimization has been studied from the graphical point of view: It often focuses on 3D surfaces obtained
by optical and laser scanners. This is despite the fact that isosurfaced meshes of medical image reconstruction
suﬀer from both staircases and noise: Isotropic ﬁlters lead to shape distortion, while anisotropic ones maintain
pseudo-features. We present a data-driven method for automatically removing these medical artifacts while not
introducing additional ones. We consider mesh optimization as a combination of vertex ﬁltering and facet ﬁltering in two stages: Oﬄine training and runtime optimization. In speciﬁc, we ﬁrst detect staircases based on
the scanning direction of CT/MRI scanners, and design a staircase-sensitive Laplacian ﬁlter (vertex-based) to
remove them; and then design a unilateral ﬁltered facet normal descriptor (uFND) for measuring the geometry
features around each facet of a given mesh, and learn the regression functions from a set of medical meshes and
their high-resolution reference counterparts for mapping the uFNDs to the facet normals of the reference meshes
(facet-based). At runtime, we ﬁrst perform staircase-sensitive Laplacian ﬁlter on an input MC (Marching Cubes)
mesh, and then ﬁlter the mesh facet normal ﬁeld using the learned regression functions, and ﬁnally deform it to
match the new normal ﬁeld for obtaining a compact approximation of the high-resolution reference model. Tests
show that our algorithm achieves higher quality results than previous approaches regarding surface smoothness
and surface accuracy.
© 2017 Elsevier Ltd. All rights reserved.

1. Introduction
In recent two decades, the need is emerging for modeling anatomical
structures that focus on medical applications [1], such as diagnostics,
intervention planning, therapy evaluation, and medical education that
are previously impossible [2].
Constructing quality surface models (typically represented by mesh
in triangular form) is an essential prerequisite for these applications. For
example, accurate meshes allow doctors to make careful, accurate evaluations, and planning and control strategies for robotic surgery [3]. In
neck surgery, multiple signiﬁcant structures (e.g., carotid artery, jugular
vein, sternocleidomastoid muscle, lymph nodes, salivary glands) exist
with the location very close to each other, which make accurate mesh
construction a fundamental requirement for, e.g., measurement tasks
during planning of surgical intervention. Accurate meshes can also be
utilized to determine appropriate dosages used for intervention. Other
beneﬁts from accurate meshes include that, surgeons can carry out a
maximum amount of planning using the models before a patient goes to

∗

the operating room, and training on them can improve the understanding of treatments when patient data are limited.
Nevertheless, converting human organs and tissues to virtual models
undergoes a series of sophisticated steps [4], where each step might
introduce artifacts [5].
Essentially, three main steps are necessary for the above conversion.
First, an object is sampled into image slices (i.e., volume data) by acquisition techniques (e.g., computed tomography (CT) or magnetic resonance imaging (MRI)). The image slices are commonly with resolutions
varying from 128 × 128 × 64 to 512 × 512 × 400, whereas the resolution
in z-direction (inter-slice, also called image slices direction in this paper)
is lower than the resolutions in x- and y-direction (intra-slice). The large
diﬀerence between inter-and-intra resolutions would lead to image inhomogeneities, which directly poses staircase artifacts on the extracted
surface. Second, the region of interest (ROI) (i.e., the target structures) is
segmented based on their values (e.g., parenchyma with 20 ≤ HU ≤ 70,
and bones with HU ≥ 1000 in CT) [6]. This ﬁnally results in a binary
segmentation mask where 1 represents the part of ROI, and 0 represents
the background. However, the ROI often possesses complex geometry,
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topology, and heterogeneous tissues at various scales, and boundaries
between neighboring tissues are sometimes indistinguishable because
of similar intensity values, such that even bridle-wise technicians by
manual or semi-automatic segmentation yield inaccurate results. These
factors lead to noise on the segmented images. Third, the surface model
is obtained by isocontouring the segmented images as level sets (isosurfaces), where the MC (Marching Cubes) algorithm is employed. However, due to the lower resolution in z-direction than in x- and y-direction,
thin triangles (i.e., triangles with high aspect ratio) between slices are
created. In total, image inhomogeneities, segmentation techniques, and
even the technical and physical circumstances all might lead to artifacts
(e.g., staircases, noise, thin triangles). These artifacts not only degrade
the visualization quality, but also cause the downstream processing troublesome.
These artifacts might be reduced at the image acquisition and processing stage. For example, using the latest generation CT or MRI scanners, or reducing artiﬁcial errors can reduce noise. Besides, using more
eﬀective segmentation techniques, or enforcing denoising operation
[7] before segmentation (which raises the risk of features removal and
the change of relevant properties of anatomical structures) can also reduce noise. Similarly, interpolating enough intermediate slices can reduce staircases and thin triangles. However, this additional eﬀort is usually not recommended, since data with higher resolution increase the
computational time and the storage stress in clinical routine [5]. These
artifacts can also be processed at the mesh generation stage. Unfortunately, the reduction of artifacts might be accompanied with a signiﬁcant loss of features of anatomical structures.
Consequently, mesh optimization, as a post-processing step, is often
necessary to eliminate these artifacts. Nevertheless, existing smoothing
techniques are somewhat inappropriate to be directly used for medical
applications, because most of those techniques are designed from the
graphical point of view. For example, they assume that noise on technical surfaces produced by optical and laser scanners obeys Gaussian distribution [8], whereas it is obviously not obeyed on medical surfaces extracted from medical imaging data [9]. Additionally, extracted medical
surfaces possess amounts of staircases, while technical surfaces will not.
Traditional smoothing algorithms that are geometry-independent (e.g.,
Laplacian ﬁlter) can achieve smooth results, when enforced on medical surfaces, however, they would result in additional artifacts, such as
volume shrinkage, shape distortion, and signiﬁcant features (e.g., fractured bones, vascular tumors) blurring. Recently, some feature-sensitive
smoothing approaches [8,10,11] have been proposed which can eﬀectively preserve surface features while removing noise. However, their
direct application to medical surfaces probably produces unsatisfactory
results, since staircase artifacts would be implicitly perceived as features
and be indiscriminately maintained. Based on the fact that typical artifacts exist on medical surface models which degrade the accuracy for
subsequent applications, and on the inherent diﬃculty to properly eliminate them using previous smoothing techniques - as described above we novelly propose a data-driven algorithm to eliminate the aforementioned artifacts while maintaining the surface accuracy. For example,
Fig. 1 exhibits results of our method. We use vessel model in Fig. 1 top
to show that our method can remove artifacts from the noisy mesh while
preserving to a large extent the model’s volume. This can be seen from
the fact that the size of the small branches is still well preserved. In
Fig. 1 bottom, we can see that the staircase phenomena is largely wiped
away, and the obtained model approximates to the realistic form of
prostate.
Our medical mesh optimization method is inspired by cascaded normal regression (CNR) [12]. In their work, they learn non-linear regression functions by mapping the ﬁltered facet normal descriptor (FDN)
extracted from the neighborhood of a noisy mesh facet to the noise-free
mesh facet normal, and then use the learned functions to compute new
facet normals based on the two-stage denoising framework [13]. Due
to the fact that there are diﬀerent levels of noise to be removed, multiple iterations of mesh denoising are required which forms the CNR.

Fig. 1. Medical mesh optimization results. Top: The left two ﬁgures are the vessel mesh
and its mean-curvature visualization. The right two ﬁgures are the optimization result.
Bottom: The left two ﬁgures are the prostate model and its mean-curvature visualization.
The right two ﬁgures are the optimization result.

Our diﬀerence from CNR lies in three aspects: (i) We adopt a unilateral
ﬁltered mesh facet normal descriptor (uFND) for medical data. (ii) To
make uFND robust to staircase artifacts, we perform a staircase-sensitive
Laplacian ﬁlter before normal ﬁltering. (iii) We can restore a defective
mesh to its high-resolution appearance, no matter it is an everywhere
smooth surface or it is a piecewise smooth surface [14]. That means we
enable a compact mesh approximation to its underlying surface. Our
contributions are three-fold:
•

•

•

We design a data-driven mesh optimization framework that focuses
on medical imaging data and can automatically remove related artifacts.
We formulate a unilateral ﬁltered mesh facet normal descriptor
(uFND) for learning non-linear regression functions between coarse
and ﬁne mesh pairs.
We develop a staircase detection scheme by a cascaded operation.

2. Related work
A main motivation of the type of work described in this paper is
the need to produce adequate surface meshes for medical applications.
Typically, to model geometries of anatomical structures, multiple steps
are required, where each step may bring in artifacts. Here we brieﬂy
review the most related works with a view on how they tackle medical
artifacts.
2.1. Image denoising and interpolation
Before segmenting region of interest (ROI) from volume data, image
interpolation techniques [15–17] may be performed to reduce staircase
artifacts resulting from image inhomogeneities. For example, Neubauer
et al. [18] provide a complete image processing pipeline to reduce staircase artifacts by combining, e.g., erosion, dilation and distance metrics.
However, this kind of interpolation-based endeavors is often prohibited
in clinical routine, since it puts much pressure on data storage, transmission, and computational ﬂexibility. Moreover, the staircases tend to impact the anatomical structures globally, whereas the interpolation treats
the staircases locally.
2.2. Mesh generation
The segmented volume data can be isosurfaced to a surface mesh.
A simple and popular technique for producing the surface mesh is the
Marching Cubes (MC) algorithm [19], which is now available in many
software packages.
Later, MC has sparked numerous works on improving its eﬃciency
and accuracy. In eﬃciency, Bajaj et al. [20] search for contributing cells
to escape visiting void cells and speed up isocontouring, and other researchers [21,22] accelerate MC by reformulating it on graphics hardware.
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In accuracy, Allamandri et al. [23] develop a precise MC, which deﬁnes in a cell the isosurfaces of a function using the trilinear interpolation. The precise MC can resolve ambiguities when the target structures
have sophisticated topologies, but it degrades MC’s performance and
leads to a much more data. Kobbelt et al. [24] present an improved MC
by combining feature detection and sampling. Ju et al. [25] also present
an improved version by octree-based dual-contouring. As a result, both
improved approaches can preserve sharp features on CAD-like models.
Unfortunately, when performed on medical models, staircase artifacts
would be maintained.
Some other researchers [26–28] improve MC by iterative constrained
relaxation of the surface. However, small geometry details would be lost
during the reduction of staircase artifacts. Two implicit surface modeling
approaches [29,30] appear which produce promising mesh surfaces for
medical applications. Both approaches need to generate a point cloud
from binary segmentation masks ﬁrst, and then to implicitly estimate
the surface locally [29] or globally [30]. However, both approaches pay
little attention to the intensity information of the image data. Though
they can achieve higher accuracy, the established model seldom conforms to the real anatomical structures (e.g., merged vessels). Wu et al.
[31] also give a detailed comparative study about the adaptability of
state-of-the-art modeling techniques for medical applications.

Fig. 2. The pipeline of our medical mesh optimization method.

•

2.3. Mesh optimization
Much work on mesh smoothing is remarkably relevant to technical
models obtained from optical and laser scanners, and deals with smoothing of raw or synthetic noise to ‘optimize’ surface models.
Early ﬁlters are independent of surface geometry. Laplace ﬁlter
[32] is the simplest and fastest surface smoothing technique, which iteratively traverses all mesh vertices and moves each vertex to the barycenter of its neighboring region. It can produce mesh surfaces with desirable
smoothness but often leads to volume shrinkage. To solve shrinkage,
LowPass ﬁlter [33] and HC + Laplace ﬁlter [34] are presented which
alternately execute a Laplacian operator and a backward moving operator, respectively. Later, LowPass ﬁlter is extended to handle irregular
sampling [35] or anisotropy for feature preservation [36]. In general,
these isotropic approaches are numerically robust, and could generate
smoothing results. However, they inevitably wipe away high-frequency
features and lead to volume shrinkage due to the intrinsic characteristic
of isotropic ﬁlters, which are not suitable for medical applications. Several global, noniterative surface smoothing approaches [37–39] have
been proposed, which are usually based on diﬀerential properties.
By contrast, anisotropic ﬁlters could better preserve geometric features. Some of them are inspired by scale space and anisotropic diffusion [40] in image processing, such as presented in [41,42]. Some
of them are inspired by the bilateral ﬁltering [43], such as presented
in [44,45]. Others adopt a two-stage framework that ﬁrst ﬁlters facet
normals and then update vertex positions to match the ﬁltered facet
normals, such as presented in [46,47]. These ﬁlters are capable of preserving sharp features on general models, but less eﬀective to deal with
medical models where, e.g., staircase artifacts would be also preserved.
Researchers also attempt to solve the artifacts on medical surfaces
by carefully selecting existing ﬁlters [6,48] or by adapting some of
them [5,9,49]. However, these eﬀorts are still based on the traditional
smoothing framework, which cannot completely avoid the aforementioned disadvantages.

•

4. Medical mesh optimization
4.1. Staircase vertices identiﬁcation
Staircase vertices are identiﬁed before performing vertex resampling. By engaging in auxiliary operations, we identify staircase vertices
using an existing feature detection technique. For example, due to the
sensitiveness to noise of existing feature detection techniques, it is better to denoise a surface before detection techniques used. In addition,
due to the incapability to distinguish staircases from real features of
existing feature detection techniques, it is desirable to combine the context information of original data (e.g., the image slices direction which
is related to the staircases as shown in [5]). Thus, we adopt a featurepreserving normal ﬁlter [47] to ‘virtually’ denoise the surface ﬁrst, and
then use the normal tensor voting [50] to detect geometry features, and
next take advantage of these features to robustly estimate the image
slices direction, and ﬁnally decouple real features and staircases based
on the image slices direction.
Facet normal ﬁltering. Many mesh denoising algorithms follow the
two-stage pipeline, which ﬁrst ﬁlters facet normals and then updates
vertex positions to match the ﬁltered facet normals. Here we just perform the ﬁrst stage to denoise facet normals while not actually updating
vertex positions. The unilateral normal ﬁlter [47] is employed, which is
simple and fast while still delivering facet normals with low errors even
at challenging regions with real features and staircases. In our implementation, the threshold T to control how similar the associated facets
are from the central facet is set to 0.6, and the iteration number of the
ﬁlter is set to 6.
Normal tensor voting. Noise and small details on the surface are
‘virtually’ removed after normal ﬁltering. This facilitates the subsequent
operation, i.e., feature detection. Here, the normal tensor voting [50] is

3. Overview
At the top level, we perform three steps, i.e., staircase detection,
oﬄine training and runtime optimization, as shown in Fig. 2.
•

Oﬄine training. We reduce staircases by using a staircase-sensitive
Laplacian ﬁlter ﬁrst, and then we adopt a unilateral ﬁltered facet normal descriptor (uFND) as the feature descriptor based on a fast and
eﬀective normal ﬁlter [47], and formulate a high-resolution reference facet normal n𝑖 as a function ℵ of the MC mesh facet’s uFND
S𝑖 : n𝑖 = ℵ(S𝑖 ). We learn ℵ from the uFNDs extracted for all MC mesh
facets and their reference facet normals by cascaded normal regression (CNR) [12], i.e., ℵ ∶ S𝑖 ⟼ n𝑖 , ∀𝑖. One iteration of the Laplacian
ﬁltering and the regression function by CNR cannot fully remove
staircases and learn all the surface information for medical mesh optimization. Therefore, multiple iterations are required to reduce the
approximation error.
Runtime optimization. For an input MC mesh, we in each iteration
perform the staircase-sensitive Laplacian ﬁlter ﬁrst and enforce the
learned iterative CRN model consisting of ℵs on the extracted uFNDs
to obtain its new facet normals, and ﬁnally deform the mesh to match
its new facet normals to obtain the optimized result.

Staircase detection. One problem needs to be tackled before training. That is, the staircases which badly impact the training quality
as pseudo-features can be detected using the context information of
the imaging data.
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(1)

𝑓𝑖 ∈𝑁𝑣 (𝑓 )

where 𝜇 i is a weight given by [50], Nv (f) denotes v’s 1-ring neighboring
facets. Tv is symmetric positive semi-deﬁnite and decomposed as
𝑇𝑣 = 𝜆1 𝑒1 𝑒𝑇1 + 𝜆2 𝑒2 𝑒𝑇2 + 𝜆3 𝑒3 𝑒𝑇3 ,

(2)

where 𝜆1 ≥ 𝜆2 ≥ 𝜆3 ≥ 0 are its eigen-values, and e1 , e2 , and e3 are the
corresponding unit eigen-vectors. According to the eigen-values, vertices can be classiﬁed into three types: a. Face: 𝜆1 is dominant, while 𝜆2
and 𝜆3 are close to 0. b. Sharp edge: 𝜆1 and 𝜆2 are dominant, while 𝜆3
is close to 0. c. Corner: 𝜆1 , 𝜆2 and 𝜆3 are approximately equal.
We put the eigen-values into a vector (𝜆1 , 𝜆2 , 𝜆3 ) and normalize it.
Then, we cluster the vertices into three clusters with respect to vector
diﬀerence by k-means clustering, where the three clusters correspond to
the above three types. Finally, vertices associated with sharp edge and
corner are temporarily considered as features.
Image slices direction. If a vertex belongs to staircases, some of its
1-ring neighboring facets are perpendicular to the image slices direction.
Thus, if these special facets are clustered into one cluster, the image
slices direction can be estimated.
Moench et al. [48] approximate the image slices direction by clustering all the facet normals in a surface. Whereas, they could not return a
vector that correctly describes the image slices direction when the highlevel noise exists. Moreover, as mentioned by the authors, the method
would fail in the presence of a small quantity of staircases. That is because, the target cluster that contains facets perpendicular to the image
slices direction would be drowned in other clusters if the quantity of
staircases is low. In this regard, it is essential to denoise facets using the
feature-preserving normal ﬁlter, and to get rid of redundant facets to
enhance the ratio of facets potentially perpendicular to the image slices
direction before the estimation. As known, staircase vertices have been
classiﬁed as features by the normal tensor voting. Therefore, if we only
allow the facets associated with these features to participate the direction estimation, it will guarantee facets belonging to staircase vertices
to occupy the main components in the clustering.
Diﬀerent from the original direction estimation scheme [5], facet
normals here have been denoised, and only facets associated with features participate the estimation procedure. In the following, we brieﬂy
introduce how to estimate the image slices direction (more details can be
found in [5]). Firstly, the normals of these remained facets are projected
into a unit sphere (each normal is called a sample later). Secondly, the
density of each sample is computed by counting the number of samples
within a given radius r (default value is 0.1), and samples with density
lower than a pre-speciﬁed threshold are removed. Thirdly, a regiongrowing-like clustering is employed to classify the samples into certain
clusters. Fourthly, centers of these clusters are all considered as the potential image slices direction. Finally, the relative facet orientation to
each potential image slices direction is deﬁned as
∀𝑓𝑖 ∈ 𝐹𝑒 ∶ 𝜃𝑓𝑖 = 1 − |n𝑖 ⋅ n𝑝 |,

Fig. 3. 2D illustration of relationship between image slices direction and staircases.

like [5], the orientation change of the potential staircase vertex v is
deﬁned as the diﬀerence between the maximum and the minimum orientations of its associated facets (see the facet orientation deﬁnition in
Eq. (3)). For perfect staircase vertex, the biggest dihedral angle of all associated facets would equal 90o (see Fig. 3), that means, the orientation
change equals 1. In practice, the orientation change grants prescribed error bounds (the empirical value is 0.7 which works well in all our tested
models). Therefore, with respect to the two aforementioned principles,
staircase and real feature vertices are well decoupled.
4.2. Oﬄine training
We iteratively perform the following two steps until the Hausdorﬀ
distance between the optimized mesh and the reference mesh is less than
a pre-deﬁned threshold.
4.2.1. Vertex ﬁltering
Staircases are usually not uniformly distributed on the surface. As
a result, uniform ﬁlters would introduce side-eﬀects, e.g., the nonstaircase regions would get altered, such as shape distortion and volume
shrinkage. As a remedy, a staircase-sensitive Laplace ﬁlter is considered, which assigns an adaptive resampling factor for each mesh vertex
according to the distance between the vertex and its closest staircase
vertex. The vertex ﬁlter is formulated as
∑
𝜆𝑣
∀v ∈ V ∶ v′ = v + ∑
𝜔𝑢𝑣 (u − v),
(4)
𝜔
𝑢∈𝑁𝑣 (1) 𝑢𝑣 𝑢∈𝑁 (1)
𝑣

where v′ is the new position of v, Nv (1) denotes v’s 1-ring neighboring
vertices, 𝜔uv is the Laplace weight, and 𝜆v is the adaptive resampling
factor.
Some popular choices of 𝜔uv are
𝜔𝑢𝑣 = 1,

(5)

𝜔𝑢𝑣 = cot 𝛼 + cot 𝛽,

(6)

where (5) and (6) are the uniform and the cotangent Laplace weights.
As seen from Fig. 4, since the uniform weight may yield strong tangential shifts, we employ the cotangent weight for our vertex resampling
scheme and the compared approaches (e.g., Taubin’s 𝜆|𝜇 ﬁlter [33] and
Vollmer et al.’s HC+Laplace ﬁlter [34]).
The staircase-sensitive resampling factor is deﬁned as

(3)

∀v ∈ V ∶ 𝜆𝑣 = 1 −

where the set Fe contains facets associated with feature vertices, and n𝑝
is one of the potential image slices directions. According to Eq. 3, the
relative direction 𝜃𝑓𝑖 equals 0 if a facet fi is perpendicular to the potential
direction. Therefore, the direction, which maximizing the number of
almost perpendicular facets, is chosen as the ﬁnal image slices direction.
Decoupling staircases and real features. For a staircase vertex,
at least one of its associated facets is perpendicular to the image slices
direction. Meanwhile, real feature vertices are often sparse and the normals of facets associated with these vertices are randomly distributed in
a model, as stated in [51]. Thus, a feature vertex, which has more than
one associated facets that are perpendicular to the image slices direction,
is almost entirely a staircase vertex (i.e., pseudo-feature). For a feature
vertex which has only one perpendicular facet, to conﬁrm whether it
is a staircase vertex or not, additional eﬀort is performed. Speciﬁcally,

𝑑𝑣
,
𝑑max

(7)

where dv is the Euclidean distance from v to the nearest staircase vertex,
and dmax is the largest one of all these dv . According to the deﬁnition,
𝜆𝑣 = 1 when v is a staircase vertex, and the value is gradually decreasing when the vertex is farther away from staircase areas. Consequently,
the scheme of the resampling factor allows us to eliminate the staircase
artifacts while inducing gradual transition between staircases and nonartifact areas. In our implementation, the iteration number of the ﬁlter
is set to 5.
4.2.2. Facet ﬁltering
We construct the medical dataset consisting of a set of coarse MC
meshes and their high-resolution ones for learning-based facet ﬁltering.
Whereas, the training is not mesh-to-mesh as a training element, while
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where 0 ≤ T ≤ 1 is a threshold usually speciﬁed by the user to control
how similar the participated facets are from the central facet.
If we denote the unilateral normal ﬁlter as n𝑖 (𝐻𝑇𝑗 )𝐿
with L thresholds
1
of T, we can obtain a simple geometry descriptor called U-FND as
S𝑖 ∶= (n𝑖 (𝐻𝑇1 ), n𝑖 (𝐻𝑇2 ), ⋯ n𝑖 (𝐻𝑇𝐿 )).
uFND regression. For each cluster Cs , we formulate a regression
function Φs ( · ) as a single-hidden layer feed forward network (SLFN)
with Nr hidden nodes by using the radial basis function (RBF) [12]:
𝑟

Φ𝑠 ( S) =

𝑁
∑
𝑘=1

𝑒𝑥𝑝(− ∥ W𝑇𝑠,𝑘 S − 𝑏𝑠,𝑘 ∥2 )𝑎𝑠,𝑘 ,

(11)

where S is the feature standardization version of S in cluster Cs . W𝑠,𝑘 ∈
𝑅3𝐿 , bs, k ∈ R and as, k ∈ R3 are determined by minimizing [12]:
∑
𝐸=
∥ Λ(Φ𝑠 (S) − nℎ𝑖 ) ∥2 +𝜆𝐸𝑟𝑒𝑔𝑓 ,
(12)
𝑓𝑖 ∈Δ(𝐶𝑠 )

where Δ(Cs ) is the dataset in cluster Cs , Λ( · ) is the normalization operation, Eregf is the L2 regularization term of the parameters W𝑠,𝑘 , bs, k
and as, k in Φ𝑠 (S) to reduce overﬁtting, and 𝜆 is used to balance the regression error and the regularization term. As suggested by Wang et al.,
𝜆 = 0.02 provides a good balance.
In the training process, the Δ(Cs ) in each cluster Cs is partitioned into
two sets, i.e., the training set ΔT (Cs ) and the validation set ΔV (Cs ). We
randomly collect 20% samples from Cs to generate the validation set,
and stop to update the parameters W𝑠,𝑘 , bs, k and as, k once the regres∑
sion error on the validation set 𝑓𝑖 ∈Δ𝑉 (𝐶𝑠 ) ∥ Λ(Φ𝑠 (S) − nℎ𝑖 ) ∥2 increases.
Thus, the regression function in the ith iteration can be formed as the
collection of Φ𝑖1 , ⋅⋅⋅, Φ𝑖𝐾 :

Fig. 4. Uniform- (red) and cotangent-based (green) Laplace vectors for a vertex v and
its 1-ring neighboring vertices u respectively, as well as the angles used in Eq. (6). (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the
web version of this article.)

it is facet-based, i.e., the uFND of each facet from the MC mesh and
the corresponding facet normal from the high-resolution reference mesh
form a training pair. Therefore, a set of training pairs are collected which
𝑁
is denoted as Δ = {S𝑖 , nℎ𝑖 }𝑖=1Δ . The set Δ is further split into 4 clusters
{𝐶𝑠 }4𝑠=1 in terms of the similarity of uFNDs by using k-means clustering.
Thus, we can learn the mapping from uFNDs of MC facet normals to
high-resolution reference facet normals in each cluster rather than the
overall pairs, which accelerates the training process. The mapping is
formulated as regression functions ℵt borrowed in [12]. In the following,
we ﬁrst give our descriptor called uFND and then brieﬂy show how the
facet ﬁltering is performed.
Unilateral ﬁltered facet normal descriptor. Wang et al. [12] introduce a mesh geometry descriptor based on multi-scale bilateral normal
ﬁlters, which is invariant with respect to translation and rotation transformations. The bilateral normal ﬁlter is deﬁned as [45]
1 ∑
n𝑘𝑖 +1 =
𝐴 𝐺 (||c𝑖 − c𝑗 ||)𝐺𝑟 (||n𝑘𝑖 − n𝑘𝑗 ||)n𝑘𝑗 ,
(8)
𝑊𝑖 𝑓 ∈𝑁 𝑗 𝑠
𝑗

ℵ(S)𝑖 ∶= Φ𝑠 (S)𝑖 , 𝑖𝑓 ∥ S − 𝑐𝑠 ∥≤∥ S − 𝑐𝑘 ∥, ∀𝑘,

(13)

where ck is the cluster center of Ck .
Once the ith iteration of facet ﬁltering is ﬁnished, we update vertex
positions to match the normalized regression output by the iterative
approach of [47]:
∑
∑
1
𝑜𝑙𝑑
v𝑛𝑒𝑤
∶= v𝑜𝑙𝑑
(n𝑘 ⋅ (v𝑜𝑙𝑑
(14)
𝑖
𝑖 + 3 ∣ 𝑁(v ) ∣
𝑗 − v𝑖 ))n𝑘 ,
𝑖
𝑓 ∈𝑁(v ) e ∈𝑓
𝑘

𝑖

𝑖𝑗

𝑘

where 𝑁(v𝑖 ) is the 1-ring facet neighborhood of v𝑖 , e𝑖𝑗 is the edge of facet
fk with endpoints v𝑖 and v𝑗 , and n𝑘 ∶= Λ(ℵ(S𝑖 )). In our implementation,
the iteration number of vertex update is set to 10.
4.3. Runtime optimization

𝑖

where k denotes the iteration number, 𝑊𝑖 =
n𝑘𝑖 +1

∑

𝑓𝑗 ∈𝑁𝑖

𝐴𝑗 𝐺𝑠 (⋅)𝐺𝑟 (⋅) is a nor-

After staircase detection, the staircase-sensitive Laplacian ﬁlter and
the learned cascaded regression functions can be combined to optimize
other medical meshes, because they share artifact characteristics similar
to the training data (all are isosurfaced meshes from segmented volume
data by MC). We perform the following operations:

malisation factor,
is the ﬁltered normal of facet fi , fj is a facet in
the 1-ring neighboring facet set Ni of facet fi , Aj is the area of facet fj ,
c𝑖 and c𝑗 are the centroids of facet fi and fj respectively, Gs and Gr are
both Gaussian functions with standard deviations 𝜎 s and 𝜎 r .
By assuming that there is a parameter set Θ consisting of the standard
deviation pairs of both Gaussian functions: Θ ∶= {(𝜎𝑠𝑗 , 𝜎𝑟𝑗 )}𝐿
, Wang
𝑗=1
et al. construct a bilateral ﬁltered facet normal descriptor (B-FND) D𝑖 of fi
as

1. For each mesh vertex, we do the staircase-sensitive Laplacian ﬁlter.
2. For each mesh facet, we compute its uFND and feed it to the regression function.
3. We update the mesh to match the new facet normals using the
scheme proposed in [47].
4. The above three steps are executed sequentially until the last regression function is found.

D𝑖 ∶= (n𝑖 (𝜎𝑠1 , 𝜎𝑟1 ), ⋯ , n𝑖 (𝜎𝑠𝐿 , 𝜎𝑟𝐿 )).
By multiple attempts, we ﬁnally adopt the results of unilateral normal ﬁlter [47] instead of the original B-FND for our medical cases. The
unilateral normal ﬁlter [47] is deﬁned as
∑
𝑘
𝑓𝑗 ∈𝑁𝑖 𝜔𝑖𝑗 n𝑗
𝑘+1
,
n𝑖 = ∑
(9)
∥ 𝑓𝑗 ∈𝑁𝑖 𝜔𝑖𝑗 n𝑘𝑗 ∥

To demonstrate the eﬀectiveness of the combination of vertex ﬁltering and facet ﬁltering, we perform the following test. First, we just use
the staircase-sensitive Laplacian ﬁlter to optimize the input MC mesh;
second, we just use the scheme of cascaded normal regression to optimize the mesh; ﬁnally, we use the combined scheme. As shown in
Fig. 5, the Laplacian ﬁlter can produce a smoothing result, but lead to
shape shrinkage; the facet-based ﬁltering could not remove staircases
eﬀectively. Whereas, our combined scheme can produce better results
even if we just perform 1 or 2 iterations. More results by our combined
scheme are found in Fig. 6.

where n𝑘𝑖 +1 and n𝑘𝑗 are the normals of facet fi at step 𝑘 + 1 and facet fj
at step k respectively; the weight 𝜔ij is given as
{
(𝑛𝑖 ⋅ n𝑗 − 𝑇 )2 if n𝑖 ⋅ 𝑛𝑗 ≥ 𝑇 ,
𝜔𝑖𝑗 =
(10)
0
otherwise,
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Fig. 5. The combination of vertex ﬁltering and facet ﬁltering is more eﬀective in artifacts
removal than the individual ﬁlter used. The leftmost model is the input MC mesh; the ﬁrst
row is the results that just perform the staircase-sensitive Laplacian ﬁlter and the learnedbased facet ﬁlter, respectively; the bottom is the results that perform our combined scheme
(the iteration number 𝑖 = 1 and 𝑖 = 2 respectively).

Fig. 7. Training and testing dataset.

sity data, which can deal with image inhomogeneities and neighboring
structures with similar intensity values to some extent; 3) traditional MC
algorithm is used to extract the mesh surface from the masked data.
Reference mesh. To produce the reference of each raw mesh, (1)
the masked intensity data are resampled to isotropic voxel dimensions
using cubic B-spline interpolation, (2) they are used to generate a high
resolution MC model; (3) in terms of volume data, the high resolution
MC model is further optimized manually by clinician which serves as a
reference surface.
We compare our method with ﬁve state-of-the-art methods, three
isotropic ﬁlters which are commonly applied to medical data, i.e.,
Taubin’s 𝜆|𝜇 ﬁlter [33], Vollmer et al.’s HC+Lapacian ﬁlter [34], and
Wang et al.’s method [49]; one anisotropic ﬁlter, i.e., bilateral normal
ﬁlter [45]; and Wei et al.’s context-aware method [9]. In order to eliminate staircases while not leading to large shape distortion, for the former
two ﬁlters, we employ their improvement versions as suggested in [48],
i.e., improved 𝜆|𝜇 ﬁlter and improved HC+Lapacian ﬁlter. As known,
isotropic ﬁlters can yield smoothing results at the expense of volume
shrinkage to some extent. However, large volume shrinkage is not welcomed, because it probably causes troublesome in medical applications,
e.g., the visual interpretation of the anatomical structures, and the ﬁnite
element analysis, etc. With this consideration, we restrict the volume
shrinkage ratio to a pre-speciﬁed range (in this paper the ratio range is
[85%-102%]), and based on the range we evaluate the smoothing results in terms of surface smoothness and surface accuracy according to
the reference surface.
Parameters setting To allow for fair comparisons, we carefully tune
parameters for each approach to produce high-quality results. Taubin’s
𝜆|𝜇 ﬁlter represents a combination of two Laplace-like ﬁlters, one with
a positive weighting factor 𝜆 and one with a negative factor 𝜇 that are
executed alternatingly. 𝜇 is set to 𝜇 = −1.02𝜆 as suggested by Taubin.
Thus, there are three parameters (𝜆, 𝜇, n) in the 𝜆|𝜇 ﬁlter (n denotes the
iteration number). Similar to 𝜆|𝜇 ﬁlter, Vollmer et al.’s HC+Laplace ﬁlter also has a smoothing step 𝛼 and a backward moving step 𝛽 that are
alternately executed for better preserving the volume. As inspired by
Vollmer, 𝛼 is set 𝛼 = 0, so that mesh vertices can be only moved back to
their previous positions, and 𝛽 is set 𝛽 = 0.2, therefore, the own displacement vector contributes with a factor of 0.2 and the mean displacement

Fig. 6. More results to show the eﬀectiveness of our combined scheme. For each pair, the
left is the input MC mesh and the right is the optimized result.

5. Results and discussion
We collect 10 anatomical structures with diﬀerent properties, e.g.,
the bone model possesses geometry details (smoothing features); the
liver model is nearly smoothing everywhere; and the vascular models
have complicated and thin structures, and divide them equally into two
parts: Training and testing data as shown in Fig. 7. As known, a mesh
facet and its neighborhood can reﬂect the mesh’s local properties, our
learning-based normal ﬁltering is based on mesh facets while not the
whole mesh as an element. Totally, we have 2.2 millions of samples
(consisting of two-tuple facets) which covers most cases for training.
Raw mesh. Mesh generation from volume data follows close to
the current clinical routine: (1) Volume data are segmented semiautomatically by bridle-wise technicians; (2) the resulting binary masks
are dilated, thereafter the contour information is used to mask the inten115
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Fig. 8. Pathological pancreas model. From left to right : the high-resolution reference, default MC model, and smoothing results by HC+Laplacian ﬁlter (𝑛 = 100), 𝜆|𝜇 ﬁlter (𝜆 = 0.5, 𝜇 =
−0.53, 𝑛 = 30), Wang et al.’s method, Zheng et al.’s bilateral ﬁlter (𝜎𝑆 = 0.25, 𝑛1 = 15, 𝑛2 = 20), Wei et al.’s context-ware method (𝑛1 = 3, 𝑛2 = 6), and our approach.

Fig. 9. Portalvein model. From left to right : the high-resolution reference, default MC model, and smoothing results by HC+Laplacian ﬁlter (𝑛 = 40), 𝜆|𝜇 ﬁlter (𝜆 = 0.5, 𝜇 = −0.53, 𝑛 = 30),
Wang et al.’s method, Zheng et al.’s bilateral ﬁlter (𝜎𝑆 = 0.2, 𝑛1 = 10, 𝑛2 = 15), Wei et al.’s method (𝑛1 = 3, 𝑛2 = 6), and our approach .

Table 1
Volume ratio.

vector of the neighboring vertices with a factor of 0.8 to the backward
movement. Thus, it has three parameters (𝛼, 𝛽, n). Zheng et al.’s bilateral normal ﬁlter ﬁrst adjusts facet normals and then updates vertex
positions to agree with the new facet normals. It has three parameters,
i.e., the standard deviation 𝜎 S (usually with the range of [0.2, 0.6] as
suggested by Zheng et al.) for measuring normal’s similarity, the iteration number n1 for facet normal updating and n2 for vertex position
updating. For Wei et al.’s context-aware method, there are mainly two
parameters required to be set by the user, i.e., the iteration number n1
and n2 . In contrast, our learning-based method is nearly parameter-free,
because once we obtained the trained regression function, we can optimize an input MC model automatically.

Approach

Pancreas

Portalvein

Default MC
HC+Laplace
𝜆|𝜇
Wang et al.
Zheng et al.
Wei et al.
Ours.

0.9874
0.8526
0.9617
0.8595
0.9639
0.9676
0.9723

0.9846
0.9080
1.015
0.9544
0.9667
0.9768
0.9768

to the ﬁve ﬁlters, our approach can produce a smoother result with thin
structures well preserved.

5.1. Surface smoothness
Surface smoothness is evaluated mainly by observing a surface’s details (including zoomed-in fragments). However, if the ﬂaws and roughness of a surface are not easily identiﬁed by human eyes, we can employ
the root mean square (RMS) [30].
Mesh surfaces extracted from medical imaging data contain a great
variety of artifacts and the curvature distribution is highly inhomogeneous due to these artifacts. The poor quality resulting from these artifacts might disturb the visual interpretation of the anatomical structures
and therefore aﬀect decision making during diagnosis. Fortunately, the
surfaces smoothed by the six methods have less artifacts. However, some
of them either cannot eﬀectively eliminate the artifacts or result in visually new artifacts, such as shape distortion.
In Fig. 8 we can see, for isotropic ﬁlters: (1) large iteration number
of HC+Laplacian ﬁlter can produce more smoothing results, but the
shape is largely distorted (see the zoomed region) and small details are
completely ﬁltered out; (2) relatively small iteration number of 𝜆|𝜇 ﬁlter preserves more small details, but cannot eliminate the artifacts eﬀectively; (3) Wang et al.s method leads to overlapped facets obviously. For
anisotropic ﬁlter: Zheng et al.’s bilateral normal ﬁlter can reduce noise,
but sharpen staircases severely. In contrast, both Wei et al.’s contextaware method and our method can remove staircases and noise with
introducing less additional artifacts. However, our method still outperforms Wei et al.’s method in small details and shape preservation. with
small details preserved and avoid shape distortion. In Fig. 9, compared

5.2. Surface accuracy
The comparisons above visually demonstrate that our learning-based
method can consistently produce better results than some existing approaches do in the experimental cases. To provide a quantitative comparison of the results, we measure the Hausdorﬀ distance and the volume shrinkage change between two surfaces. In this experiment, the
high resolution MC surface is taken as the reference surface (although
it may not the most accurate one).
The Hausdorﬀ distance can weigh up the ﬁdelity of the smoothing
surface relative to the high resolution MC surface. Fig. 10 plots the
Hausdorﬀ distance between the smoothing surface and the high resolution MC surface. We can notice that, our approach consistently leads to
smaller Hausdorﬀ distances than other approaches. This indicates that
our approach yields a closer surface in terms of the high resolution MC
surface, in addition to its high eﬀectiveness of eliminating artifacts and
avoiding additional artifacts.
The volume shrinkage change measures the ratio of the volume of the
smoothing result to that of the high resolution MC surface. Strong volume shrinkage might alter relevant inter-structure distances that aﬀect
subsequent operations on the surface. The ﬁve compared approaches,
as the authors said, can prevent volume shrinkage (see Table 1). In contrast, our approach can produce a smoothing surface with smaller volume shrinkage.
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Fig. 10. Comparison of the Hausdorﬀ distances. The horizontal axis denotes the error (absolute distance value) between the default MC surfaces (denoted as Original in the image),
the smoothing surfaces and the high resolution MC surfaces, and the vertical axis represents the corresponding percentage in terms of each error value. The models used here are from
Figs. 8 and 9, respectively.

son and the numeral analysis. In future, we attempt to improve the algorithm’s eﬃciency (e.g., GPU acceleration), and ﬁnd applications of the
algorithm.
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Fig. 11. Aspect ratio histogram. The horizontal axis represents the aspect ratio, while the
vertical axis corresponds to its proportion. A ratio less than 0.2 means a high-aspect-ratio
triangle, and a ratio corresponding to 1 means an equilateral triangle which has the highest
mesh quality. Similar to most isotropic ﬁlters, e.g., Taubin’s method and HC method, our
mesh optimization method is also able to not only improve the proportions of triangles
with low aspect ratio, but also reduce or even fully eliminate the proportions of triangles
with high aspect ratio.

Limitations. Our approach has some limitations. (1) Though we
have 2.2 millions of facet pairs for training, they just come from limited models. More models with diﬀerent resolutions can be involved to
produce better optimized results. We will attempt to collect more data
from our cooperated hospitals. (2) Our method can improve the regularity of an input MC mesh because it involves a constrained Laplacian ﬁlter (Usually, isotropic ﬁlters can improve mesh quality while anisotropic
could not enhance and even degrade mesh quality), but ours is not the
best one in mesh quality improvement as shown in Fig. 11 for the model
in Fig. 9. (3) Our method needs additional eﬀorts to obtain high-ﬁdelity
meshes, it is usually time-consuming. However, if we ﬁx the image slices
direction and train a regression function in advance, the runtime optimization is quite faster than most of the compared methods.
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