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abstract
Mesh denoising is crucial for improving noisy meshes acquired from scanning devices and digitization
processes. This paper proposes a general, robust approach for mesh denoising by using a combination
of bilateral filtering, feature recognition, anisotropic neighborhood searching, and surface fitting and
projection techniques. Motivated by the bilateral filtering from image processing applications, we
develop a new bilateral filter operating on the normal vector fields of the mesh. Then, we detect mesh
features and classify mesh vertices into non-feature vertices and feature vertices. The corresponding
anisotropic neighborhoods for each vertex are searched by constructing a weighted dual graph, over
which biquadratic Bezier surface patches are fitted and projected. The projection points are averaged
to update each vertex of the mesh. The steps above are repeated iteratively until convergence, i.e., the
Hausdorff distance between two sequential denoised meshes is less than a pre-defined threshold. A
number of examples presented in the paper demonstrate that our method generally yields visually and
numerically better denoising results, compared with the state-of-the-art methods.
© 2012 Elsevier Ltd. All rights reserved.

1. Introduction
3D surface meshes are broadly used in a variety of areas, such
as geometric modeling, computer graphics, reverse engineering,
virtual realty and so on. Nowadays, the acquisition of a 3D
surface mesh is mainly from a 3D measurement device. During the
scanning process, introducing some types of noises to the surface
mesh from many sources is inevitable. Such noises often cause
errors in downstream applications, like model reconstruction,
visualization and numerical simulation. Therefore, it is vital to
remove the noises prior to further processing, which is commonly
referred to as mesh denoising.
In mesh processing, denoising is somewhat similar to smoothing or fairing, while there are some substantial differences. Denoising removes the noises or spurious information, while trying
to preserve the original feature frequencies. Smoothing or fairing,
by contrast, removes certain frequency information in the surface
mesh [1]. The denoised mesh ideally should contain smooth features with low curvatures and sharp features with relatively high
curvatures, including edges and corners. The goal of this paper is
to design an algorithm for this purpose.
As some features in the mesh may be corrupted by noises,
the greatest challenge of mesh denoising is how to faithfully
retain or even enhance geometric details, especially sharp features.
There have been many denoising approaches based on the normal
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vectors of a mesh. The basic idea of those methods attempts to
adjust the normal vectors of faces in the mesh and then evolve the
faces such that the modified normal vectors are smoothed. Most of
these methods [1–4] merely employ normal vectors defined on the
Gauss sphere without considering higher-order information of the
mesh that is vital for effective denoising especially when the input
meshes have highly irregular sampling [5]. Moreover, the firstorder measures such as normal vectors are insufficient to capture
the detailed information of the mesh model.
For a vertex within a smooth area (i.e. low curvature area) of
a mesh, the local shape can be represented by a single underlying
surface patch. However, for a vertex within a sharp area (i.e. high
curvature area), the local shape is usually formed by more than
one underlying surface patch. For instance, an edge of a cube
is the intersection of two plane patches and a corner is the
intersection of three plane patches. Therefore, to preserve features
at a vertex, an effective way is to decompose the surrounding
area of the vertex into surface segments, fit them with different
surface patches, and then project the vertex onto the intersection
curves of those surface patches to get the new position. In order
to segment the local surface mesh correctly, the normal vectors
of the mesh should be pre-smoothed and mesh features should
be well kept during this pre-smoothing step. To that end, we
propose a new bilateral filter to average the neighboring normals
in an anisotropic way, where the normal difference and the spatial
difference are both considered. The new normal filter ensures no
inter-influence between normals across sharp features so that the
feature-preserving denoising can be achieved. After the normals
are smoothed, the decomposition of the surrounding area of
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each vertex is carried out by searching anisotropic neighborhoods
of the vertex, and segments are obtained by classifying those
neighborhoods of the vertex, followed by fitting them into patches.
According to differential geometry [6], the local geometry around
a surface point can be regarded as a height field over its tangent
plane. To faithfully characterize the local geometric properties in
this field, surface patches with at least second-order are required.
Therefore, we take advantage of the second-order parametric
surface, i.e. biquadratic Bezier patch, to approximate the local
shape on the mesh. Compared with those methods [7,8] based on
second-order bivariate polynomial fitting, ours is more effective for
the meshes with complicated freeform surfaces.
1.1. Previous work
Various mesh denoising algorithms have been proposed in
recent years [1–5,9–15,8,16,17,7,18–24]. Botsch et al. [25] gave
an insightful survey on general mesh smoothing and denoising.
Laplacian iterative smoothing is one of the fastest and simplest
techniques for mesh denoising [10]. However, this method often
results in feature blurring and significant volume shrinkage. Using
the Laplacian operator, Taubin [11] proposed a mesh smoothing
method by using an isotropic scheme to improve the smoothness of
a surface mesh, while alleviating the shrinkage problem. Desbrun
et al. [12] extended Taubin’s work to smooth an irregular mesh
by using geometric flows and re-scaling the mesh to preserve its
volume. However, features are often blurred or filtered out in both
methods.
A number of feature-preserving denoising algorithms have
been developed in the literature [1–5,8,17,7,18]. In particular,
bilateral filtering [17,7] and anisotropic diffusion [19] techniques
are very effective in preserving features. Jones et al. [17]
designed a non-iterative, feature-preserving smoothing algorithm
by adopting local first-order predictors statistically defined on
triangular surface meshes. Similarly, a bilateral filter is applied
to the signed distances of neighborhood to the tangent plane on
a vertex and the vertex is updated along its normal vector with
the displacement obtained from the filter [7]. The two bilateral
methods work well in the presence of low noises but become
ineffective with high noises. Fan [8] presented a feature-preserving
mesh denoising method based on consistent subneighborhoods, in
which the idea of the second-order bilateral filtering, originating
from [7], is exploited. The quadric surface fitting and projection is
carried out to deal with noises. This method works well for some
generic and CAD models. For a complicated model with freeform
surfaces, the quadric surface may not be able to represent the
local geometry faithfully so that the denoising results would be
not satisfactory. Bian et al. [16] designed an iterative, two-step
denoising algorithm based on vertex classification. The volume
integral invariant is introduced to sort out feature and non-feature
vertices. Then the traditional two-steps are applied to eliminate
the noises from the mesh. This method may produce good results
on uniform and nonuniform models. However, as the author
claimed, the integral invariant calculation is time-consuming and
also very sensitive to a relatively high level of noises.
Ohtake et al. [3] defined an error function over the mesh, the
new position of each vertex is calculated through the minimization
of the function. They also designed a diffusion-type smoothing
method on the normal field. Yagou et al. [2] proposed using
the mean, median and alpha-trimming filters to smooth a mesh.
Hilderbrandt and Polthier [18] used mean curvature flows to
remove noises while retaining features and volumes. Sun et al. [1]
designed a truncated function to filter the normal vector and
update the vertex position, which is fast and effective to remove
mesh noises. These approaches work well at low noise levels.
When the noises became reasonably large; however, it would
oversharp or create features that are not present in the original

mesh. More recently, Sun et al. [21] took advantage of a random
walk model to determine averaging weights for noise removal.
Zheng et al. [5] presented a simple anisotropic mesh denoising
approach via normal bilateral filtering. Most of these methods are
able to preserve sharp features when a low level of noise exists
in the mesh, but they may not achieve satisfactory results when
dealing with a high level of noise, as shall be demonstrated in the
result section below.
1.2. Overview of our algorithm
In this paper, we propose a novel, feature-preserving mesh
denoising approach that uses a combination of feature recognition, anisotropic neighborhood-searching, and surface fitting techniques. These techniques are applied in particular order in several
steps, each of which depends on the preceding one, forming a socalled cascaded approach. First, we introduce a new bilateral filtering scheme to normal vector fields and detect all sharp feature
regions of the input mesh. Then, for each vertex within a non-sharp
feature region, we choose as a seed face the incident triangular
face with the closest normal vector to the vertex, and search the
anisotropic neighborhood of the seed face as the neighborhood of
the vertex. Over the neighborhood, the vertex is updated by using
the biquadratic Bezier surface fitting and projection. On the other
hand, if a vertex lies in a sharp feature region, we consider all incident triangular faces within the feature region as seed faces, and
search the corresponding anisotropic neighborhood for each seed
face. Over each neighborhood, we fit the Bezier surface and project
the vertex on it. After that, we calculate the weighted averaging of
all projection points of the vertex and update the vertex with the
averaged position. We repeat the above steps until convergence,
i.e., the Hausdorff distance between the two denoised meshes at
the i-th and (i + 1)-th iterations is less than a pre-defined threshold. The pipeline is illustrated in Fig. 1.
In summary, the main contributions of this paper are:

• A new form of bilateral filter is introduced to smooth the normal
vector field of a surface mesh, which is more robust to mesh
noises.
• An efficient method is designed to detect sharp features of a
noisy mesh.
• A general approach to searching anisotropic neighborhood is
proposed on the basis of weighted dual graphs of the input
mesh, with the capability of partitioning the regions with
coherent geometric features.
• A multi-patch Bezier surface fitting and projection is developed
to denosie a mesh, which can preserve sharp features while
smoothing the mesh.
2. Bilateral normal filtering
In this section, we introduce a new bilateral filter to process
the normal vectors of triangular faces over the input mesh. Tomasi
and Manduchi [15] initially defined the bilateral filter for image
processing. According to their definition, the bilateral filtering for
an image I (u), at coordinate u = (x, y), is defined as [23]:


Î (u) =

p∈N (u)

Wc (∥p − u∥)Ws (|I (p) − I (u)|)I (p)


p∈N (u)

Wc (∥p − u∥)Ws (|I (p) − I (u)|)

(1)

where N (u), the neighborhood of u, is defined with {p : ∥p − u∥ <
ρ = ⌈2σc ⌉}. The spatial smoothing function Wc is a standard Gaussian filter with the standard deviation σc of the difference between
p and u, and the influence function Ws is another standard Gaussian filter defined on the standard deviation of the intensity difference between p and u. Accordingly, the intensity value on u is
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Fig. 1. Overview of our mesh denoising pipeline. (a) The original noisy mesh. (b) The rendering result of the mesh after normal filtering. (c) The vertex classification result,
where the red vertices are non-feature-vertex, while the blue ones are feature-vertex. (d) The triangular faces of all non-feature-vertex. (h) The triangular faces of all featurevertex. For a non-feature-vertex p in (e), the isotropic neighborhood (‘‘green’’ region) is searched in (f) and fitted with a patch S in (g). Projecting p onto S gives a new point
p′ , which is the new position of p. For a feature-vertex p in (i), the anisotropic neighborhood consists of three regions (‘‘pink’’, ‘‘green’’ and ‘‘aqua’’ regions) in (j), followed by
fitting them respectively with S0 , S1 and S2 . The new position of p, i.e. p′ , is obtained by averaging three projection points of p onto S0 , S1 and S2 in (g). (l) The final denoised
mesh. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Normal vectors within a Gaussian sphere and projections on a 2D circle.

determined mainly by the neighboring pixels that are close in
terms of the distance and the intensity. As a result, the large intensity differences, which are considered as image features, are
penalized by the influence function Ws , thus preserving image
features.
Thanks to its nonlinear, feature-preserving characteristics,
recent researchers have been extending the bilateral filter to mesh
denoising [17,7]. More recently, Lee et al. [23] extend the bilateral
filtering to filter the normals of triangular faces of the mesh. Given
a triangular face fi with an unit normal ni and a centroid ci , the
bilateral filtered normal n̄i of fi is defined as:


n̄i =

j∈N (i)

Wc (∥cj − ci ∥)Ws [ni · (ni − nj )]nj


j∈N (i)

Wc (∥cj − ci ∥)Ws [ni · (ni − nj )]

(2)

where N (i) = {j : ∥ci − cj ∥ < ρ = 2σc } is the neighboring face set
of ni , and the corresponding unit normal of the neighboring face fj
in N (i) is nj .
Similarly, Zheng et al. [5] formulate the bilateral normal
filtering as follows:


n̄i =

j∈N (i)

ξij Wc (∥ci − cj ∥)Ws (∥ni − nj ∥)nj


j∈N (i)

ξij Wc (∥ci − cj ∥)Ws (∥ni − nj ∥)

(3)

where N (i) is the 1-ring neighboring faces of fi , and ξij is the weight
to account for the influence from surface sampling rate. Wc and
Ws are the standard Gaussian function in terms of the geometric
distance, and the unit normal difference of fi and fj , respectively.
Let ni be the unit normal vector of the face fi to be filtered, N (i)
be the set of the neighboring face fj of fi and nj be the corresponding
unit normal vector. Putting all normal vectors into a Gaussian
sphere, we transform ni as the z-axis and then have the normal
vector distribution as Fig. 2(a). For simplicity, we project all those
normal vectors onto the yoz plane and have the 2-D distribution in
Fig. 2(b). Eqs. (2) and (3) both consider the same Gaussian function
Wc , and the difference lies on the definitions of Ws in Eqs. (2) and
(3). For simplicity, we only analyze Ws , i.e.





−

Ws1 (j) = e

[(ni −nj )ni ]2
2σ 2

∥n −n ∥

W (j) = e− i2σ 2j
s2

2

(4)
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Fig. 3. Demonstration of bilateral filters from [23] (Ws1 ), Zheng et al. [5] (Ws2 ) and ours (Ws ). (a) The 2D normal projection. (b) The comparison of three different weights.
Ws1 (j), Ws2 (j) and Ws (j) are the corresponding weights. Given any nj , we have Ws (j) ≤ Ws2 (j) ≤ Ws1 (j). In particular, for the normal vector that is very different from ni
(like nk ), Ws (k) = 0.

Fig. 4. The comparison of mesh denoising results using the filters from [23,5] and ours. We apply these three bilateral filters to carry out normal filtering, respectively, and
then use our following denoising approach with the same parameters to obtain three results. The mean curvature comparison is given in the second row. From the results,
our filter outperforms others.

where Ws1 (j), Ws2 (j) are the Gaussian functions of the normal vector in Eqs. (2) and (3), respectively, and σ is the standard deviation.
Considering ni as the z-axis direction under the yoz coordinate system, the distributions of Ws1 (j) and Ws2 (j) in terms of nj could be
obtained and the corresponding curves cs1 (j), cs2 (j) are shown in
Fig. 3. For each nj , the value of Ws is the distance from the origin o
to the intersection point between nj and cs . From the figure, Ws1 (j)
is greater than Ws2 (j) with the same nj , which means that nj under Ws1 (j) has more weights on the filtering result n̄i of ni than
that under Ws2 (j). As a result, Eq. (2) is more sensitive to noises,
compared with Eq. (3). In addition, the weights, i.e. Ws1 (j), Ws2 (j),
both decrease as the normal vector difference of fi and fj increases,
suggesting that a higher level of noise has less effect on the filtering result. However, even though the effect decreases, it still exists
with a certain value. Consequently, those methods are both sensitive to a high level of noises. To tackle this problem, we propose a
novel bilateral filtering formula as follows:


n̄i =

j∈N (i)

Wc (∥ci − cj ∥)Ws (ni , nj )nj


j∈N (i)

(5)

Wc (∥ci − cj ∥)Ws (ni , nj )

where Ws (ni , nj ) is represented by:
Ws (ni , nj ) =

0,
[(ni − nj ) · ni − µ̄]2 ,





2
j∈N (i) [(ni −nj )·ni ]

if (ni − nj ) · ni ≥ µ̄,
otherwise

(6)

where µ̄ =
and ∥N (i)∥ is the number of ele∥N (i)∥
ments of N (i). Essentially, we truncate the normal vectors if the differences between them and ni are greater than the average normal
vector difference µ̄. Thus, the filter ignores the heavy noises and is
less sensitive to a high level of noises. In particular, when µ̄ = 0,
i.e. all neighboring faces in N (i) have the same normal as fi , n̄i remains unchanged. For comparison, the distribution of Ws (ni , nj ) is
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Fig. 5. Feature detection of (a) fandisk (τ = 0.0075), (b) bearing (τ = 0.1), and (c) octa model (τ = 0.1). The feature regions (triangles) are colored in gray and the
feature-vertices are colored in black.

corner will be assigned a large sharpness indicator value because
a large discrepancy occurs between the face normal vectors.
Consequently, when I > τ (τ is a user-defined threshold value
for sharpness criterion), we then treat fi as a feature-face. A feature
region consists of connected feature faces, within which every
vertex is named as a feature-vertex. Fig. 5 shows the feature regions
detected from the fandisk, bearing and octa models.
4. Weighted dual graph construction

Fig. 6. Illustration of the normal-based distance.

normalized and given in Fig. 3. Fig. 4 shows the comparison of mesh
denoising results using the bilateral filters from [23,5] and ours.

The scheme for constructing the weighted dual graph of the
mesh is addressed in this section. The use of the weighted dual
graph is detailed in Section 5. Each triangular mesh can be
alternatively represented by its dual graph, in which each node
is associated with a triangular face of the original mesh and an
edge indicates an adjacency relation. Here, we need to construct
a special dual graph, whose edges and nodes are weighted, named
weighted dual graph. The weights can be defined in various ways
depending on the applications. For our purpose, the weight of each
edge is calculated from the geodesic distance between the central
points of two incident triangular faces of the edge. Meanwhile, each
node of the dual graph is associated with ⟨v, n⟩, where v is the
central point and n is the normal vector of its associated triangular
face.
Next, we describe a method to calculate a weight for each node.
Let nd0 ⟨v0 , n0 ⟩ be a seed node, and nd1 ⟨v1 , n1 ⟩, . . . , ndi ⟨vi , ni ⟩,
ndi+1 ⟨vi+1 , ni+1 ⟩ the neighboring nodes of nd0 in Fig. 6. Then we
define a normal-based distance metric from ndi+1 to nd0 as:
Distnd0 (ndi+1 ) = Distnd0 (ndi ) + ω1 (n0 − ni+1 )

3. Feature detection
After filtering the normal vectors of all triangular faces, we
detect sharp feature regions over the mesh. Given a triangular face
fi , let NFI (i) be the set of faces that share a vertex or edge with the
face fi , we submit the following formula to compute the sharpness
indicator:




I =

1



∥NFI (i)∥ f ∈N
j



[(ni − nj )ni − µ̄]2

(7)

FI (i)

2
j∈N (i) [(ni −nj )·ni ]

where µ̄ =
and ∥NFI (i)∥ is the number of the
∥NFI (i)∥
neighboring faces in NFI (i). The surface adjacent to an edge or a

× n0

i


dk,k+1 + ω2 (ni − ni+1 ) · ni di,i+1

(8)

k=0

where di,i+1 is the geodesic distance between vi and vi+1 , ω1 and
ω2 are the non-negative values within the range of (0, 1). In our
experiments, ω1 = 12 , ω2 = 16 give good results. Specifically,
Distnd0 (nd0 ) = 0. The metric is capable of generating anisotropic
neighborhoods avoiding regions with abrupt changes of the mesh
normals. Essentially, using this metric tries to gather anisotropic
neighborhoods in which all vertices have the spatial (distance) and
the property (normal) similarities. Based on this metric definition,
once a seed node is chosen, the distances of its neighboring nodes
relative to the seed node can be calculated, and then we assign
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Fig. 7. Anisotropic neighborhood searching of a feature-vertex vi via the weighted dual graph in (a) the Fandisk model. (b) The 2-ring isotropic neighboring faces of the
triangular face fi , which is one of the incident faces of vi . (c) The weighted dual graph of fi over its isotropic neighboring faces, where the line segment of each node (i.e. one
of the neighboring faces of fi ) stands for the weighted distance of the node to fi . For uniformity, all distances are normalized within the range of [0, 1]. (d) One group of
neighborhoods of vi , which consists of the associated vertices of the most closest nodes to fi in the dual graph.

Fig. 8. 2D demonstration of surface fitting and projection of (a) the non-feature-vertex vl and (b) the feature-vertex vi . There is only one group of the neighborhood for vl
and Sm is the fitting surface. Projecting vl onto Sm gives the new position v′l of vl . There are two groups of neighborhoods for vi . We denote by Sj , Sk the fitting surfaces of the
neighborhoods. pij and pik are the projection points of vi on Sj , Sk , respectively. v′i is the middle point of pij and pik , i.e. the new position of vi .

those distance values to the corresponding nodes as their local
weights. Note that those weights vary with the selection of a seed
node.
5. Anisotropic neighborhood searching
Essentially, the neighborhood of a triangular face (referred to
as a seed face) should belong to the same underlying surface and
hence has geometric compatibility with the seed face. According
to surface theory, two types of ‘‘similarities’’ are considered: one is
spatial similarity (or distance between the center points of the seed
face and a neighboring face) and the other is property similarity
(or the angle between the normal vectors of the seed face and a
neighboring face). As we can see, the distance metric proposed in
Section 4 already combines these two terms. Then, we are able
to search neighborhoods for triangular faces on the basis of its
weighted dual graph using the idea of Dijkstra’s algorithm.
For each node, we set it as a seed node and initialize a
neighborhood with this node. Then we calculate the local weights,
relative to the seed node, of all adjacent nodes of the nodes
in the neighborhood, and add the node with the smallest local
weight into the neighborhood. This neighborhood growing process
is repeated until the number of nodes in the neighborhood reaches
a threshold. In our method, the biquadratic Bezier surface is chosen
for surface fitting (see below for details), which requires at least
nine neighboring vertices in the neighborhood. Although more
neighboring vertices may yield higher surface fitting quality, too
many neighboring vertices would increase the computational time
and ruin the local surface features as well. For these reasons, we
choose the maximal size of neighborhood: δ = 9 ∼ 15, which
produces good results in terms of feature scales.

By applying the above operations to each node, the corresponding anisotropic neighborhood could be found. Equivalently, the
neighborhood of one triangular face of the mesh is obtained. Because the following surface fitting is carried out on each vertex,
instead of the triangular face, we need to transform the neighborhoods of triangular faces to vertices. We discriminate between a
feature-vertex and a non-feature-vertex with the following strategy:

• Non-feature-vertex. We find one of the incident triangular
faces, which has the closest normal vector to the vertex. The
found triangular face is used as the seed face in the anisotropic
neighborhood searching algorithm. All vertices in the neighborhood found are considered as one group of neighborhood of this
vertex.
• Feature-vertex. According to the definition of a feature-vertex,
there is at least one feature-face including the feature-vertex. We
choose each incident feature-face as a seed face, and search its
anisotropic neighborhood. As a result, each seed face, i.e., the
incident feature-face, has its own neighborhood, within which
all vertices are regarded as one group of neighborhood to the
feature-vertex. Essentially, each group of neighborhood corresponds to a segment around the feature-vertex. Basically, there
is more than one segment for the feature-vertex. For example,
for a feature-vertex on the edge of a cube, it has two associated
segments, while there are three for the corner feature-vertex of
a cube.
Fig. 7 gives the weighted dual graph of a triangular face in the
Fandisk model and one group of the neighborhood of a featurevertex. From the figure, the spatially ‘‘close’’ vertex to a seed vertex
is not necessarily ‘‘similar’’ to the seed vertex from the geometric
compatibility point view.
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Fig. 9. Mesh denoising on the fandisk model. (a) Original mesh, (b) noisy model (Gaussian noise: 0.2× the mean edge length), and the results from (c) Hildebrandt et al. [18]
(n = 70), (d) Sun et al. [1] (n1 = 10, n2 = 20, T = 0.4), (e) Zheng et al. [5] (n1 = 5, σs = 0.3, n2 = 10) and (f) ours (n1 = 6, τ = 0.01, n2 = 9). On the bottom are the
mean curvature distributions of the denoised meshes, from which we can see that our method preserves the sharp features very well.

Fig. 10. Mesh denoising on (a) the bearing model using the methods of (b) Hidebrandt et al. [18] (second row, n = 65) and (c) ours (third row, n1 = 5, τ = 0.005, n2 = 9).
The mean curvature of the vertices is displayed. We can see that the triangular faces in the slot are smoother in our method, while the features are preserved well.

6. Mesh denoising via local Bezier surface fitting
After obtaining the neighborhood(s), we use surface fitting and
projection to filter out noises. A few projection schemes have been
proposed based on the Moving Least Squares (MLS) technique

for point cloud smoothing purposes [26–28]. The basic idea of
the MLS projection is to project an arbitrary point onto the underlying surface around the point. The MLS projection operator [26] assumes that the surface is smooth everywhere, which
consequently makes sharp features blurred. Pauly et al. [27,28]
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Fig. 11. Mesh denoising on the octa model. (a) Original mesh, (b) the noisy model (Gaussian noise: 0.2× the mean edge length), and the results from (c) Ohtake et al. [3]
(n = 5), (d) Sun et al. [1] (n1 = 5, n2 = 10, T = 0.4), (e) ours (n1 = 5, τ = 0.005, n2 = 9). Around the corner, the mesh quality is higher from our method than that from
others.

Fig. 12. Mesh denoising on the mechanical model. (a) Original mesh, (b) noisy model (Gaussian noise: 0.15× the mean edge length), and the results from (c) Ohtake et al. [3]
(n = 6), (d) Sun et al. [1] (n1 = 4, n2 = 8, T = 0.4), (e) ours (n1 = 4, τ = 0.004, n2 = 9). The meshes around the sharp edges are bumpy from [3,1], while our result is
comparatively better.

designed the MLS-based projection operators which define piecewise smooth surfaces and project given points onto the intersection curves of those smooth surfaces. In their methods, the smooth
surfaces are represented with the bivariate polynomial of degree
two and the Newton iteration is used to seek the projection point
on the intersection curve. In our method, a more sophisticated
surface, biquadratic Bezier surface, is exploited. It is non-trivial to
compute the intersection curves among biquadratic Bezier surface
patches. Therefore, we adopt a different projection, where the nonfeature-vertex and feature-vertex are detected and treated discriminatively. For the non-feature-vertex, since there is only one group of
neighborhood, we fit a surface over the neighborhood, project the
vertex onto the surface and use the projection point as the new position of the vertex. For the feature-vertex, we perform fitting and
projection to each group of neighborhood and thus have at least
one projection point. Then we consider the average of all projection points as the new position of the vertex. Fig. 8 demonstrates
the surface fitting and projection process of the non-feature-vertex
and feature-vertex.
Next, we introduce the surface fitting and projection method in
detail. Recently, quadratic analytical surface fitting has been used
in mesh processing, which is effective for mesh models containing
traditional, primitive surface features, but may not be applicable to
models including very complicated surfaces features. Accordingly,
we require approximation of the neighborhood of the vertex by the
biquadratic Bezier surface, which is expressed as:
2

s(u, v) =

2


i =0 j =0

bi,j Bi (u)Bj (v);
2

2

u, v ∈ [0, 1]

(9)

where Bi 2 (u), Bj 2 (v) are the Bernstein basis functions, and bi,j are
the Bezier control points.
Essentially, fitting the neighborhood of a vertex with a Bezier
surface is to compute the positions of control points bi,j from
the vertices of the neighborhood, which could be solved by
the standard least squares method. With this method, we first
calculate the associated parameter pair (ui , vi ) of each vertex v,
which is achieved by projecting the neighboring vertices on a
plane and scaling them within the range of [0, 1]2 . The plane
can be the least squares plane of the vertices, or the tangent
plane of v. From our experience, there is no noticeable difference
between these planes. For simplicity, we choose the tangent plane
as the projection plane. After determining the base plane, the
neighboring vertices, together with v, are projected onto the plane
and the oriented bounding rectangle of all projection points are
computed. Then we scale the rectangle into the range of [0, 1]2 ,
and transform all projection points into the range so that the
corresponding parameter pair of each projection point is obtained.
Once we have the parameters (ui , vi ) of v and its neighboring
vertices, a linear system equation system can be built: Ax =
B, where A is computed from the Bernstein basis function
contribution of each projection point (ui , vi ), x is a vector of
unknown control points bi,j and B is a vector of v and its
neighboring vertices. The detailed expression is as below:
B20 (u0 )B20 (v0 )

...

B22 (u0 )B22 (v0 )

 2
B0 (u1 )B20 (v1 )



B20 (un )B20 (vn )

...
..
.
...

B22





  

b
v0
 b0,0
( ) (v1 )  0,2  v1 
 .  =  . .
 .   . 
.
.

u1 B22

B22 (un )B22 (vn )

b2,2

vn

(10)
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Fig. 13. Denoising of a bunny mesh. (a) Original model, (b) noisy model (Gaussian noise: 0.2× mean edge length), and the results from (c) Nealen et al. [22] with Laplacian
matrices of uniform weights (f = 0, s = 0.3), (d) Sun et al. [1] (n1 = 5, n2 = 20, T = 0.6), (e) our method (n1 = 8, τ = 0.08, n2 = 12). Some sharp features are blurred in
(c), while some smooth features are excessively sharpened in (d). Our method makes a better balance between preserving and smoothing features.

Fig. 14. Mesh denoising on the bust model. (a) Original mesh, (b) noisy model (Gaussian noise: 0.25× the mean edge length), and the results from (c) Ohtake et al. [3]
(n = 10), (d) Hildebrandt et al. [18] (n = 80), (e) Sun et al. [1] (n1 = 10, n2 = 15, T = 0.55), (f) ours (n1 = 5, τ = 0.03, n2 = 12). The mean curvature distributions of
the denoised meshes are shown in the second row, from which we can see that [1]’s and our results are much better than those of [3,18]. Looking into the details, we can
observe that the small features are preserved better with our method than [1] (see the hair, face and pedestal parts).

Solving this equation system, we could obtain the control points
bi,j and hence the bi-quadratic Bezier surface.
To reduce the effect of noises on the fitting result, a
constraint [29] is employed to make each of the four quadrilaterals
formed by the bi,j as close to a parallelogram as possible, resulting
in the constraints as:

△1,1 bi,j = 0;

0 ≤ i ≤ 1, 0 ≤ j ≤ 1.

(11)

Applying the constraints to Eq. (10), we have:

α
(1 − α)



A
αB
[x] =
S
0






(12)

where A, x and B are given in the above definitions, and S is

1
set as: S =

0
0
0

−1

0

−1

1

1
0
0

−1

0
1
0

−1
−1

0
0

1

0
1
0
−1

0
0
−1
0

0
0
1
−1

0
0
0
1


.

The factor α affects the shape of the fitting surface, which is
set within the range of [0, 1] and chosen based on the level of
noises. If there is a high level of noises, α is set with a small value;
otherwise, a big value is assigned. We still utilize the least squares
method to solve this equation system to get the control points and
the final fitting surface. Thanks to the parametric surface feature,
this biquadratic form is easily extended to the cubic, or even higher
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Fig. 15. Mesh denoising on the eros model. (a) Original mesh, (b) noisy model (Gaussian noise: 0.2× the mean edge length), and the results from (c) Ohtake et al. [3]
(n = 10), (d) Sun et al. [1] (n1 = 15, n2 = 20, T = 0.6), (e) ours (n1 = 6, τ = 0.04, n2 = 12). Note that our method has a relatively result than others (see the meshes
around the shape edge).

Fig. 16. Mesh denoising on the dragon model. (a) Original mesh, (b) noisy model (Gaussian noise: 0.2× the mean edge length), and the results from (c) Fleishman et al. [7]
(n = 10), (d) Jones et al. [17] (σf = 4, σg = 1), (e) [1] (n1 = 15, n2 = 20, T = 0.55), (f) ours (n1 = 6, τ = 0.1, n2 = 15). In the chin part of the dragon, we can see that
more small features are preserved using our method, compared with other methods.

form. We have tested the bicubic Bezier surface for testing, but
found no significant improvement over the biquadratic one. We
thus decide to adopt the biquadratic surface fitting scheme. After
the surface is fitted at each vertex, we may project the vertex along
its normal vector onto the biquadratic surface to get the projection
point. Again, once all projection points are obtained, the vertex is
updated with the average of those projection points.
7. Results and discussion
All algorithms described have been implemented in Visual C++
and OpenGL and run on a PC with 1.8 GHz CPU and 2 GB RAM. A
user-friendly GUI has been created encapsulating the implemented
algorithms and will be made publicly available to the research
community. We have tested our algorithm on a variety of 3D mesh
models with either raw or synthetic noises, and presented a few
results in the section.

Parameters. In the following examples, we attempt to get the
best results for each method by fine tuning their parameters. In
our algorithm, the parameters mainly consist of the number of
iterations in face normal filtering: n1, the number of anisotropic
neighboring vertices in surface fitting: n2, the sharpness threshold
τ , and the convergence threshold: d. Among those parameters, n1
is set according to the noises. If there is a high level of noises, it
should be assigned with a relatively big value; otherwise, it is set
with a small value. The selection of the size of neighborhood is
based on the curvature of the mesh. If the curvature at a vertex
is small, indicating the surrounding region of the vertex is flat,
the size of neighborhood could be big; otherwise, it should be
set relatively small. The sharpness threshold is related to the
‘‘sharpness’’ of the features of the mesh as well as the level of
noises. If the mesh contains very sharp features that need to be
preserved, it should be a small value; otherwise, it is assigned
with a relatively high value. For example, the fandisk model
contains much sharper features than the bunny model and thus
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Fig. 17. Mesh denoising on the angel model. (a) Original noisy mesh, and the results from (b) Ohtake et al. [3] (n = 10), (c) Sun et al. [1] (n1 = 5, n2 = 10, T = 0.55),
(d) ours (n1 = 5, τ = 0.05, n2 = 9). From the denoised meshes around sharp edges, we notice that our method obtains better results than others.

Fig. 18. Mesh denoising on the luna model. (a) Original noisy mesh, and the results from (b) Sun et al. [1] (n1 = 5, n2 = 10, T = 0.45), (c) ours (n1 = 5, τ = 0.05, n2 = 9).
The mesh around the eyes is corrupted from [1], while it is restored well from our method.

Fig. 19. Normal errors based comparisons on the bunny (left) and fandisk (right) models using the method from [1] and ours.

it should be set smaller in the fandisk model than the bunny
model. Meanwhile, if there is a high level of noises, it should be
set with a relatively big value; otherwise, it could be a small value.
Based on a number of experiments, we have the following typical
settings in our implementation: n1 : [5 − 10], n2 : [5 − 15];
τ : [0.001, 0.1]; d : 0.05∗ the mean edge length of the mesh in our
implementation.
Comparison with related methods. To demonstrate the effectiveness
of our method, we compare it with eight related methods,
including Ohtake et al.’s [3], Yagou et al.’s [2], Fleishman et al.’s [7],
Jones et al.’s [17], Hilderbrandt and Polthier’s [18], Nealen
et al.’s [22], Sun et al.’s [1] and Zheng et al.’s [5] methods.

Fig. 9 shows the mesh denoising results of fandisk model with
the methods in [18,1,5] and ours. From the curvature distribution
graph, we notice that our method yields better results on the
sharp edge regions, compared with others. Figs. 10–12 show more
comparisons on several other mesh models containing many sharp
features. From the results, our approach is capable of preserving
sharp features while smoothing the meshes.
Several more complicated mesh models shown in Figs. 13–16
consist of a variety of sharp features, as well as small smooth
features. From the denoising results, with the existing methods,
some sharp features are blurred while some originally smooth
features are excessively sharpened. However, our method is able
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Fig. 20. The histograms show the Hausdorff distances between the meshes denoised by each approach and the original meshes. The horizontal axis is the error (absolute
distance value) between the denoised mesh and the original mesh, and the vertical axis is the corresponding percentage to each error value.

to not only preserve the sharp features but also smooth the mesh
appropriately.
All the noisy models above are generated by adding some level
of Gaussian noises to the original meshes. To further verify the
robustness of our algorithm, we also test the scanned data with raw
noises. Figs. 17 and 18 show the denoising results of the scanned
angel, and luna mesh models. We can observe that our method

still outperforms the other methods in preserving sharp features
at various areas of the meshes.
The results shown above have visually demonstrated the
superiority of our algorithm to other methods in terms of
mesh smoothing and feature-preserving. Below we provide some
quantitative comparisons between our approach and several other
methods. Since our algorithm essentially performs on the normal
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Fig. 21. The Hausdorff distance and mean curvature maps of some denoised models from previous methods and ours, where ‘‘HD’’ stands for Hausdorff distance, and ‘‘MC’’ is
mean curvature. The color ‘‘green’’ represents the small value of Hausdorff distance and mean curvature, while the colors ‘‘red’’ and ‘‘blue’’ indicate big absolute values with
the signs of ‘‘+’’, ‘‘−’’, respectively. For each model, the first row consists of the denoised models colored with Hausdorff distance, and the second row is the corresponding
mean curvature map. (a) The denoised fandisk model from [18], (b) from [1], (c) from [5] and (d) from ours. (e) The denoised bunny model from [22], (f) from [1] and
(g) from ours. (h) The denoised dragon model from [3], (i) from [1], (j) from [17] and (k) from ours. From the distribution graphs, our method produces relatively stable error
rate over the whole models, while previous methods generate relatively high errors at some high curvature regions of the models. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

vector fields, we first follow [1] to measure the difference between
the normal vectors of the original mesh and the denoised mesh, in
which the mean square angular error is used as the error metric.
We compare the angular errors resulting from [1] and our method
on the Fandisk and bunny meshes in Fig. 19. Clearly our method
gives rise to smaller normal errors.
To demonstrate the fidelity of the smoothed mesh relative to
the original mesh, the Hausdorff distance between the two meshes
is calculated with the software tool called Metro [30]. Fig. 20
shows a detailed comparison of the Hausdorff distance results,
where the horizontal axis is the absolute distance value between
the smoothed mesh and the original mesh, and the vertical axis
is the corresponding histogram (in percentage) with respect to
each distance value. From this figure, we can see that our method
yields smaller Hausdorff distances, indicating that our method
produces a very close surface mesh relative to the original model,
in addition to its high efficiency of noise removal and sharp feature
preservation.
Fig. 21 shows some denoised models colored with Hausdorff
distance and the corresponding mean curvature maps. From the
results, we notice that previous methods produce relatively high
errors at some high curvature regions of those models, while our
method makes comparatively lower errors, even in those high
curvature regions.
Table 1 shows the timing comparison on various models using
different methods including ours. Compared with other methods,
our approach is not the fastest, but still acceptable.

Table 1
Timing comparison of mesh denoising (seconds).
Models

Methods

Time

Bearing
V: 3475
T: 6950

Hildebrandt et al. [18]
Our

2.415
0.484

Bunny
V: 34834
T: 69451

Sun et al. [1]
Nealen et al. [22]
Our

0.515
3.045
5.937

Buste
V: 51073
T: 102142

Ohtake et al. [3]
Hildebrandt et al. [18]
Sun et al. [1]
Our

5.462
11.251
1.217
9.362

Dragon
V: 100056
T: 199924

Jones et al. [17]
Ohtake et al. [3]
Sun et al. [1]
Our

69.237
10.725
2.218
21.261

Eros
V: 25654
T: 51304

Ohtake et al. [3]
Sun et al. [1]
Our

2.27
0.776
4.622

Fandisk
V: 6475
T: 12946

Hidebrandt et al. [18]
Sun et al. [1]
Zheng et al. [5]
Our

3.528
0.443
0.645
1.138

Octa
V: 7919
T: 15834

Ohtake et al. [3]
Sun et al. [1]
Our

0.821
0.561
1.215

8. Conclusion
We have presented a robust approach to denoising triangular
surface meshes using a combination of bilateral filtering, feature
detection and surface fitting and projection techniques. A new

form of bilateral filtering has been designed to process the normal
vector fields of the input mesh. The feature detection scheme
is performed to identify non-feature vertices and feature vertices.
For a feature vertex, its neighborhood is decomposed into several
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groups, each of which is used in the biquadratic Bezier surface
fitting to approximate the local geometry. The underlying vertex
is then projected onto each of the fitted surface patches and
the average of all the projection points is used to update the
vertex. The comparisons with several other recent methods have
demonstrated that our approach is very effective in retaining both
sharp (high-curvature) and non-sharp (low curvature) features.
Furthermore, a comparison of the histograms of Hausdorff
distances from the denoised meshes to the original ones indicate
that our method possesses an excellent performance in restoring
the geometry of the given model (e.g., surface areas, volumes,
local curvatures). As part of our efforts in the present paper, the
software package implementing the algorithms described will be
made available on a public domain for downloading.
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